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Restricted range approximation in uniform norm from an extended Haar space
of a certain order is an important and widely applicable problem in restricted
approximations. In the past 20 years or more, many authors have investigated the
characterization of best approximations in various special cases of restricted range
approximation, which include approximation with interpolatory constraints, one-
sided approximation, and copositive approximation. But the characterization in the
general case is still an open question. The paper gives a general characterization
theorem in the form of convex hull and alternation. Many known important results
are exactly its special cases.  © 1992 Academic Press, Inc.

1. INTRODUCTION

Let [a, b] be a finite interval and & = [a, 5] a compact set containing
at least n + 1 points. By C(%') we denote the normed linear space consisting
of all the continuous real valued functions defined on &, with the uniform
norm |-||. If &,=span(e,, .., ¢,) is an n-dimensional extended Haar
subspace of order r (1<r<n) on [a, b], that is, {¢@,, .., 9,,} =C([a, b]) is
an extended Chebyshev system of order r on [q, b] (see the definition in
[1], Chap. 1, Sect. 2), then we call

K={qe®,: l(x)<q(x)<u(x), xe[a, b]}

the set of generalized polynomials having restricted ranges, where /
and u are extended real valued functions defined on [a, b] satisfying
—~o <l(x)<u(x)< + 0. Given fe C(¥)\K, the problem of approxi-
mating f by K is important and widely applicable because many standard
restricted approximations investigated by many authors are special cases
of it. Indeed, if we set /(x) and u(x) properly, we may get interpolatory
constrained approximation which has been studied by, for example,
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F. Deutsch [2], one-sided approximation (see [3, Chap. 3, Sect.8]) con-
taining a special case of positive approximation, copositive approximation
which has been studied in [4-6], etc.

On the characterization of best approximations with restricted ranges,
G. D. Taylor [7] gave in 1969 a theorem in the form of convex hull and
alternation under a hypothesis of /(x)<u(x), xe[a, b], and a certain
continuous condition on / and ». And his investigation in [8] allows
I{(x;) = u(x,) at some nodes x,, but it is required that / and u have special
local Taylor expansions in a neighbourhood of each x, Latterly,
W. Sippel [9] also considered the equality case with the assumptions
that / and u are continuous on [a, 5] and have continuous derivatives of
sufficiently high order in a neighbourhood of each x;, as well as some other
constraints on f. Clearly, the condition in [7-9] are so strong that in
general the results are not applicable to many standard constraints
including approximation with interpolatory constraints, one-sided approxi-
mation (by the set {ge ®,: g(x) = I(x)} with [ not necessarily continuous),
and copositive approximation. Moreover, in 1980, Y.K.Shih [10]
investigated the problem with a different assumption that /(x) + d < /(x;) <
u(x)—d(d=0) in a certain deleted neighbourhood of each node x;. This
is still a special case of approximation by K which cannot contain the
results in [8] and [9], and cannot be applied to copositive approximation.

In brief, though progress has been achieved in approximation with
restricted ranges in the past 20 years or more, the characterization theorem
in the general case is still an open question. To solve the problem at last,
this paper gives a theorem in the form of convex hull and alternation,
which contains all the results in [7-10] on characterization as well as that
of [4-6].

2. NOTATIONS AND MAIN RESULTS

Given pe K. Since in the case K= {p} the problem of characterization
is trivial, we always assume that

K\{p}+d. (1)

Based on the definition of the extended Chebyshev system of order r,
each ge @, has a continuous derivative of order r — 1. We call xe [a,b] a
zero of order t (0<t<r)of gif gP(x)= --- =¢"" Y (x) =0, and ¢"(x) #0
when r<r. It is clear that for ¢ # 0O there exist at most n— 1 zeros on
[a, b3 (counting multiplicities).

We first introduce some needed notations. Let

d(p(x), )= _inf /(E—x)+[HE)—p(0)]%
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and define d(p(x), u) similarly. We call
X*={xe[a, b]:d(p(x),l)=d(p(x), u)=0}

the set of nodes of K. Provided x € [a, b), by 1, ;(x) we denote the largest
positive integer ¢ subject to

u()—p) _
é—-Ti—O'f—XV_l—O’ (2)

and if the above equality holds or does not hold for any positive integer ¢,
then let 7, , (x) equal + oo or 0, respectively. Similarly we define 7, _,(x)
by the equality

. p(&)—UQ) _
BT ©)

Substituting x — 0 for x +0in (2) and (3) we define t_, ;(x)and z_, _,(x)
for xe(a, b]. Let

T, (x)+1, if xeX* and 7,,(x)=0 or 7,

t,,,v(x)={

Ty (X), otherwise, wr=zl
ty(x)=min{s, {(x), 1, _,(x)};
t_(x)=min{r_,;(x),t_, _(x)};
max {z, (x), 1_(x)}, if xe(a,b),
(x)=q1,(x) if x=a,
t_(x), if x=b;
0 =0(x)= (= 1)}
and
ty(x)+1,  if there exists v such that
tx)= Ba (0t () > 14 (%), (4)

t, (x), otherwise.

Then it is easy to check that

{t(x)?l, if xeX* 5
(x)=0, if xe[a b]\X* (3)
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Write
={xeZ:f(x)—px)=1f-pl}
={xeZ:f(x)—p(x)=—If-pl},
X—X+UX,,
and
X, =X\ \X*,
=X \X*,
X=X, uvX_,
where

X,={xe[a b]:d(p(x),1)=0},

X,={xe[a,b] :d(p(x), u)=0}.
Clearly, both X, and X, are closed sets because p is continuous. For
xeXuU X', let

1, xeX, vX,,
"(x)={—1, szt uXi,
and for x e X*, let
—y(— 1) Dz
o(x)= if there exist g, v such that 7, , (x) > #(x), (6)

0, otherwise

(by the definition of #(x) it is not difficult to check that o(x) is a single-
valued function on X*). Moreover, write

X ={xeX*:0(x)=1},
X' ={xeX*:a(x)=-1},
X=X, 0X".

DEFINITION. X, ..., X,, are said to be m alternating points of p with
respect to fand [, u, if a<x, < --- <x,,<b, each x,e XU X' U X", and

(=)™ e(x)=(—1)""(=1)"Va(xy), i=2,.,m,
where

x)= Y«

éela, x]nX*
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Let
T=max{t(x):xe[a, b]}.

Provided T<r and #(x)<r, xe X", we call t(x) the order of quasi-touch of
l and u at x, and T the order of quasi-touch of | and u on [ a, b] (in the next
section we see that the values of ¢#(x) and T are in fact independent of the
choice of peK). And by (15) below we find that when (1) holds
Y ey H{x)<n (and thus X* is a finite set). So if we let

¥={qe®,:qVx)= - =q"O"V(x)=0,xe X*},
n,=n— 3y tx),
xeX*

then the dimension of the subspace ¥ is n, and we can denote by ¢, ..., ¥
a basis of ?.

Now, if

np

XinXJo(X_nX)+d, (M

then p is clearly a best approximation to f from K. Otherwise, we have the
following

CHARACTERIZATION THEOREM. Assume that ¥ < [a, b] is a compact set
consisting of at least n+ 1 points, @, is an extended Haar space of order
r{l<r<n) on [a,b]), and pe K< ®D,, where K is a set of generalized
polynomials having restricted ranges with T<r and t(x)<r, xeX". If
K\{p} # &, fe C(X)\K, and (7) is false, then the following statements are
equivalent

(i) p is a best approximation to f from K,

(ii) the origin of the subspace ¥ belongs to the convex hull of the set
{o ()P I (x), ...y ://f,‘,f"”(x)): xeXUX' UX"};

(iii) there exist on [a, b] at least n,+ 1 alternating points of p with
respect to f and I, u.

Note 1. The Characterization Theorem is a general one with very weak
assumptions. All of the results on characterization in [7-10] are special
cases of it. In fact, the result of [7] is only a special case of Theorem 3.2
in [10] with the set of nodes being empty. However, if we apply the
Characterization Theorem in the situation of [10], it follows that #(x) =0,
xeXuX'; Hx)=1, xeX* T=r=1;, and X"=¢. So (ii) of the
Characterization = Theorem becomes 0eco({o(x)(¥(x), ..., ¥, (x)):
xeXuUX'}), which is exactly (b) of Theorem 3.2 in [10], and (iii)
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becomes there exist n+ 1 points &, < --- <&, ., in XU X' U X* such that
a(&)=(—1Y""06(), j=2,.,n+1 holds if we reset ¢(f)=1 or —1
properly for each ¢;e X*, which is just (c) of Theorem 3.2. And under the
conditions of Theorem 1 in [87], it follows that #(x)=0, xe XU X’, and
X" = ¥ again. Then (ii) is exactly (b) there. Since n, and (—1)** are just
n—m and (—1)" n(x;) in [8], respectively, (iii) coincide with (c) there.
Moreover, under the hypotheses of the alternation theorem in [9], it is
easy to check that for each x;e X'*, #(x,) is even and hence t(x;) = 1. So (iii)
becomes there exist xo<x;<--- <x, in [a,b] which are elements of
X,uX,uX] and X_ U X’ o X’ alternately. This is exactly the alterna-
tion criterion given by [9].

Note 2. The Characterization Theorem is applicable to many standard
restricted approximations including interpolatory constrained approxima-
tion, one-sided approximation, and copositive approximation. It is worth
while to describe the copositive case in detail. First, in 1977 Passow and
Taylor [4] developed a characterization in the form of convex hull and
alternation under some strong conditions; second Y. K. Shih [5] gave a
criterion for p to be a best copositive approximation provided that
p'(x;)#0 at each point x; where f(x) alters its signs; at last, in 1988
J. Zhong [6] solved the general case removing Shih’s additional con-
dition. However, when we apply the Characterization Theorem in the
situation we find easily that #(x)=0, xe XU X’ and t(x)=1, xe X*. Then
(ii) has the form of Oeco({a(x) (¥i((X),... ¥, (x)):xeXVX'}U
{o(x)W1(x), s ¥, (x)):xeX ”}), which is just the convex hull criterion
given by [6]. In addition, it is not difficult to rewrite uniformly the concept
of alternating k times on k intervals given by [6] as k+ 1 alternating
points. Then the alternation criterion in [6] coincides with (iii) here.

3. LEMMAS

For ge @, and x € (a, b), we can find a positive number § small enough
such that g is sign-preserving in the right d-neighbourhood and the left
d-neighbourhood of x. So we can define

R(x, q) =sgn g(&), x<&<x+9,
{L(x, q)=sgngq(f), x-d<¢<x,

which are called the right-sign and left-sign of g at x, respectively. Write
them as R(x), L(x) or R, L briefly when this will not lead to misunder-
standing. Similarly we can define R = R(a) = R(a, q) and L = L(b)= L(b, q).
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Obviously, if x is a r-fold zero of ¢ with 7 <r, then by Taylor’s formula we
can get

L(x)=(—1)' R(x). (8)
We call x a singular zero of q if x€ (a, b) is an r-fold zero of g and
L(x)= —(—1) R(x).
LEMMA 1. Assume xe X* is a zero of order t of qge ®,,.

(1) If 1<t<r, then there exists a positive number A, such that
(O <p@)+79()<u(€), VO<i<i,. 9)

holds in a certain right neighbourhood and left neighbourhood of x if and only
if

1L r(x) <t
and

to(x)<t

respectively, where R= R(x, q), L= L(x, q).

(i) If t=t(x), and t(x)<r and o(x) """ (x)>0 when xe X", then
there exists a Ay >0 such that (9) holds in a certain neighbourhood of x.

Proof. (i) We prove the lemma only in a right neighbourhood of x; the
proof in the other case is similar.

Sufficiency. Assume that R=1. Based on the definition of 7, ,(x),
there exist positive numbers ¢ and 6 < 1 such that for any £ e (x, x +J) we
have

u(€)—p(é)ze|&—x|™™,
And it might be assumed that

9(8)>0,  xe(x, x+9).
By Taylor’s formula,

9= g ENE ), x<E<E (10)

Then from the continuity of ¢ and 7,,(x)<¢,,(x)<t there exists a
40> 0 such that for any 0 < A < 4, we have

u(&)—p(&)=Aq(&), Vie(x, x+9)

So (9) holds in (x, x + 6).
In the case R= —1, it can be proved analogously.
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Note. The conclusion is still true if t=r. Indeed, in the case R=1,
by the fact that 7, ,(x)=r implies ¢, ,(x)>r=1¢ we can get 1, ,(x)<
r—1=1t-—1. So substituting (10) by

q(&) = COENE-x)TL x<l<d

-1 7
we can prove (9) for £e(x, x+ J) in the same way.

Necessity. Let 7, z(x) >t By the definition of ¢, z(x) it is easy to
check that
T r(X)>1. (11)

For any right neighbourhood of x, there must be a subinterval (x, x + ¢)
such that ¢(&) preserves the same sign in (x, x +J) and

1
n=_min —|g"%¢) >0

Ee(x, x+8) t!

So by (10) we have
[q&)| =n|E—x|", Vx<&<x+6. (12)

If R=1, then for any A>0 by the definition of 7, (x) there exists
£,€(x, x+ d) such that

u(é))—p(&)<in |.fl_x|fl,1(x)—1_
Combined with (11) and (12) we have

u(&1) —p(&1) <A 1g(&)l = Aq(&y).

So (9) is false for any 2, >0 and any right neighbourhood of x. The proof
in the case R= —1 is similar.

(it) Presume that x € (a, b) (it can be proved similarly if x =a or b).
If x & X", then by o(x)=0 and (6) we have

tr(%), £y (x) S H(x). (13)

And from (i) and the note in its proof of sufficiency we get the conclusion
needed.

Now assume that xe X”. Then a(x) ¢"“(x)>0 and t=t(x) <r. In the
case #(x)=1t, (x), we have

R=sgn ¢ (x)=0(x)= —vo*~ V72

4
L=(—1) R= —yg#+17 a
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provided
£, (x)>t(x).
If =1, then by the definition of 7, (x) and #(x) it follows that
f (X T e (X) S 2(x).

So we can get (13) from (14). If u= —1, we can get (13) just the same.
If #(x)=1,(x)+ 1, then there exists v such that

tl,v(x)’ tfl,fwv(x) > ti (x)'
So by the definition of ¢, (x) we have

1,y (X), 1y o (X) S 24 (X)) < 1(x),
and hence the condition in (6) is
t,(x)>1(x) or Py _wn(X)>t(x).
In both cases, similar to (14) it follows that
R=—vy and L=ov.
Then (13) holds again.

The lemma is proved.

LEMMA 2. Assume that T<r and t(x)<r,xeX". If p+qeK, then

¢Ox)= - =¢" Vx) =0, xex*, (15)
and

o(x) g"MN(x)=>0, xeX uX" (16)

Proof. 1If there exists x € X' for which (16) does not hold, then from (5)
we get #(x) =0 and by the definition of ¢(x) it follows that p+ g & K. This
is impossible.

If there exists x e X* for which (15) does not hold, then there exists a
positive integer ¢ < ¢(x) such that x is a zero of order ¢ of ¢. By the defini-
tion of ¢, (x), we can find a u such that

L (x)y by _i(x) =14 (%)

On the basis of Lemma 1(i), we have ¢, ,(x)<t or ¢, _,(x)<¢ because
p+qekK and K is a convex set. So ¢>¢,(x), and by (4) we have
Hx)=t+1=1t,(x)+1and

tl.v(x)’ tAl.fwv(x)> ti (x)
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Hence ¢, gz(x)>t if v=R, and ¢_, ,z(x)=t_; (x)>¢t if v=—R. Then
from Lemma 1(i) it follows that p + g & K again.

Now suppose there exists x € X for which (15) holds but (16) does not.
Then x is a zero of order #(x)<r of ¢. If in (6) ¢, ,(x)>t(x) holds,
then v=—o(x)=R and ¢, z(x)>1tx), and if ¢ ,,(x)>t(x) then
v=—(—1)®g(x)=Land t_, ,(x)> t(x). Hence we have p+q & K again
by Lemma 1(i).

The lemma is established.

LEMMA 3. If a=x,<x;< - <Xp_ 1 <x;=b (k=2), 1=Y%_,t,<n—1
with 0<t,<r, and

n—1—1 is even, iftyorty=r, (17)
then there exists a q e @, such that x, is its zero of order t, (i=1, ..., k) and
(=1 Hig(x)>0, xe(x,x;41)i=1,.,k—1

Proof. Write

1
k0=|:n—2__1:|, t0=n_1_T"_2k0.

By the hypotheses it is easy to check that ¢, +t,<r, j=1, k. Let X, and X,
be two arbitrary subsets of [a, b]\{x;}¥_, each consisting of k, points,
and X; n X, = . On the basis of the definition of an extended Chebyshev
system and Theorem 5.2 in [1, Chap. 1], for j=1 and k we can find g, @,
for which x; (i #j) is its t-fold zero, ¢, is its ¢;+ t,-fold zero, and each point
of X; is its 2-fold zero (or nonnodal zero if r=1). Then multiplied by —1
if necessary (denoted by g still) it follows that

(1) () >0, xe (X, Xy N, =1, k— 1.

Now g =g, + g, meets the requirements of the lemma.

LEMMA 4. Assume that qe ®, has a total of t=Y*_, t, zeros counting
mudtiplicities, and x; is its zero of order t; 2 1, i=1, .., k. If by | I| we denote
the number of the elements of the set

I:={i:x,is a singular zero of q},
then

t+|I|<n—1. (18)
Proof. 1t is sufficient to give a proof provided |I]|> 0. Let

Iy={i:x;&(a,b), t;=r}.
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By Lemma3 we can make a generalized polynomial g, such that x,
(ieTu ) is its zero of order r— 1, x;(i & IU I,,) is its zero of order ¢;, and
g, has the same signs as g on [a,b]\{x;:ie U l,}. Thus,g,=qg—A4q, £0
has at least T — |I| — | I,| zeros. Take a > 0 sufficiently small so that

(x;— 6, x;+8)n({x}f_ v{a b)) ={x}, Jj=1 .,k
For x;,jel or x;=a, jel,, we have
sgn q,(x;+ 6)=sgn q(x;+ )
if A> 0 is sufficiently small. Since for any # >0 we have

r—1

G0+ = [q &)~ 2g{" )], x<E<x 4,

(r—1)!
therefore ¢~ "(x,) =0 and ¢\ ~"(x;) #0 imply

sgn g, (x;+n)=—sgnq(x;+1)

if 7 <4 is sufficiently small. So there exists a zero of ¢, in (x;+ 7, x;+ 6).
In the same manner, for x;, je I or x;=b, je I,, we can find 0 <5’ < J such
that there exists a zero of ¢, in (x;—0, x;—n’). Thus, if 4 is sufficiently
small, then ¢, has at least (t—|I|—|ly})+2|I|+|Iy|=1t+|I| zeros,
which implies (18).

LEMMa 5. Assume T<r and t(x)<r,x€ X". Then

(i) there exists a go€ D, such that each x € X* is its zero of order t(x),
and

o(x)qi™’(x)>0, VxeX' UuX”; (19)

(il) for qo€ D,, if each xe X* is its zero of order at least t(x), and
(19) holds, then there exists 1,>0 such that p+ g€ K, 0 <A< Aq.

Proof. (i) On the basis of (1), we can find a ¢ # 0 such that p+gek
Assume that the zeros of ¢ in X' are x, .., x,; the zeros in X* are
Xi 41 X (clearly {x;}2 4+1=X*); and the zeros which do not belong
to the set X’ U X* are x,,,,, .., X;,. And assume each x; is a zero of order
L2l i=1, .., 1,

Write the right-sign and left-sign of ¢ at x;, as R,=R(x;,q) and
L;= L(x;,, q), respectively (note that only one of them is defined if x;=a or
b). By p, we denote the minimum of the distance between any two different
points in {a, b} U {x,}2_,. And we define I and [, the same as in Lemma 4.

In which follows, we choose ¢, (i=1,..i;) points (at most r
points are coincident with each other) in a certain closed interval
F,c[x;—po/3, x;+ po/3] with ] satisfying
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t;— t;=nonnegative integer, if x;€(ab),
t;— t;=nonnegative even integer, if x;e(a,b)andie€l, (20)
t;+ 1 — t;=nonnegative even integer, if x,e(a,b)andiel

Since Lemma 4 implies Y2, 1/ <n—1, according to Lemma 3 we can find
a g, with these 32 | ! zeros chosen (if a or b is selected to be a zero of
order r, we add a single zero if necessary so that (17) holds). Then we
prove that g, satisfies the requirement of the lemma.

For 1<i<i,, if x,e X, (or X"}, let p, be the distance between x; and
the closed set X, (or X)) (if X, (or X} is empty, let p,= + o0). Writing

p=min{p,:i=0,1,..,1},

we have p >0. And if x,=a or b, we define L,= R, or R,= L, in addition.
Let

[ p p .
x,-—g,xi+§]”[a,b], if L=R, and Ro(x)<0,
(x,), if L,=R, and R;a(x,)>0,
F;= < [ P 1)
Xi’xi+§:|, if L;#R; and R;o(x;)<0,
\ xi _g, xi:" if Li # Ri and Rio.(xi) > 0'

By t; we denote the number of the endpoints of F; not being x;. It is easy
to check that ¢; satisfies (20). And from the definition of p we can see that

o(x)=0(x;), VxeX AF,. (22)
If i, <i<iy, let

f[xi—p,’xi'}'p’]a
if R;=-—o0(x;) and L,=—(—1)"a(x,),

[xiaxi+p,],
if R,=-0(x;), and x,=a or L,=(—1)"g(x,),
Fi=< [x;—p, x;1, (23)
if Li=-(—-1)"g(x;), and x,=b or R;=0c(x,),
[x:, x;+p'],

if o(x;)=0,L;# (_l)l(xi) R;,

{x:}, otherwise,
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where p’ < po/3 is a positive number such that
XlﬁFi=@, i1<§$3‘2. (24)

The existence of p’ can be proved as follows. For fixed ie {i; + 1, ..., i,}, if
o(x)#0 then by the hypothesis we can get #(x,) <r and find a generalized
polynomial § having a zero of order #(x,) at x, such that a(x;) g"*"(x,)
> 0. According to Lemma 1(ii), there exist A >0 and p’ > 0 such that

Ix)<p(x)+A(x)<u(x),  Vxe[x;—p'x;+p'1n[a b].

In the first and second cases of (23), when p’ < py/3 is suficiently small,
we have
sgn [4g(x)1 = R(x;, §) = sgn §"*N(x,) = o(x;) = — R, = —sgn q(x),
Vxe(x,x;+p'1n[a b].

And in the first and third cases

sgn [4§(x)]=L(x;, ¢) = (—1)"* sgn §“*(x;) = (= 1) a(x,)
=—L,=—sgng(x), Vxelx;—p'x)n[ab]

Then in cases 1-3, for any x#x; in F, from I(x)<p(x)+ q(x) <u(x) we
can get d(p(x),/)>0 and d(p(x), u)>0. So (24) holds. And under the
conditions in the fourth case of (23) we can prove similarly that
X' n F;= & provided 4 has a zero of order #(x,) at x; and — R,R(x;, §)>0.

Note. Infact, if 6(x;) =0, which is a part of the conditions of the fourth
case only, a similar argument leads to the fact that, for F,=[x,, x;+ p’'] (if
x;#b)or F;=[x;—p’, x;] (if x; # a) it still follows that F;~ X’ = ¢ (in the
latter case it is required that —L,L(x,, §)>0).

Let ¢; be the sum of 1(x;} and the number of the endpoints of F; not
being x;. Let us prove that ¢; satisfies (20). Before all, by Lemma 2 we have

1,—t(x;)=0. (25)

In the first case of (23), clearly x,e(a, b) and L;=(—1)'"?R,. (a) If ie ],
then by

Li#(—1)"R, (26)

and (25) we sec that 7,—1(x,) is a positive odd number. So the third
expression of (20) holds. (b) If i€ 7, then ¢,— t(x;)} is a nonnegative even
number because (26) is false. Provided ¢, = t(x;), by a(x;) #0 we get 1, <r.
If 1;,(x;)>t(x;) holds in (6), then v= —o(x;) and #, g (x;)>1;, and by
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Lemma 1(i) we get p+gEK; if t_,,(x;)> t(x;), then v=—(—1)"" g(x;)
and 7_,, (x;)>t, and we get a contradiction again. Thus the second
expression of (20) holds. In the second to fourth cases of (23), if x € (a, b),
by L;#(—1)'*? R, it can be found that ¢,—¢(x;) is a nonnegative even
number or a positive odd number if ie I or i € I respectively. So we get the
third or second expression of (20). If x;,=a or b, we can find a contradic-
tion similar to (b) in the first case provided ¢;— #(x;) =0. thus we get the
first expression of (20). In the fifth case, (25) implies the first expression of
(20) if x; € (a, b); and if x,€ (a, b), by L;=(—1)""? R, the second or third
expression of (20) can be gotten.
Again, for i, <i<i,, let

F,={x;}.
Clearly we have
X'hF,-=Q, 12<l<l3 (27)

Let t;j=t,—1lifielul,and t;=t,if i€ IU I; then (20) holds.
Now, according to Lemma 3, we make a generalized polynomial g,
having 32, ¢, zeros such that the endpoints of F; not being x; are its single

zeros, each point in {x;}? ,  ,=X* is its zero of order #(x,), and x;
(i=iy+1,..,1;) is its zero of order #}. In doing this, (17) is provided as it
should be. Otherwise, n—1—3?_, ¢;is odd and a or b is selected to be an

r-fold zero. Since by the selection of the zeros there exists an x;,=a or b
such that x,e X* and 1(x,) = r, we have x; € X", which means ¢(x;) =0, and
F;={x;} by (23). So if we reset

[X,-, xi+p,}& if X;=4a,
Fi= B .
[x;—0’, x,], if x;=b

with (24) remaining true because of the Note below the proof of (24), then
n—1-Y%  t; becomes a nonnegative even number and we can get g, by
Lemma 3. By the definition of F; and ¢/, we see that g, (multiplied by —1
if necessary) has the same signs as ¢ on [a, 6]\ (UJ%, F;). From Lemma 2
we see that a(x) ¢g"“(x) >0, xe X'\ (U2, F;). So by #(x)=0 we get

o(x) g§(x) >0, xex'\( U F)
i=1

By (23), our selection of the zeros ensures that, for xe X" R(x, q¢) = 6(x)
(or L(x, go) =(—1)™ a(x) if x=>5). So

o(x) g™ (x)>0, xeX".
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In addition, if x€ F;, 1 <i<ij, according to (21) and the construction of
do, it can be found that

a(x;)go(x)—q(x)]>0.
So when xe X' n F,, from (22) and Lemma 2 we have
a(x) g5 (x) > o(x) g(x) = 0.

Considering (24) and (27), the conclusion of (i) is gotten.

(i) By O(S, ) we denote a d-neighbourhood of a set Sc[aq, b].
From Lemma 1(ii), there exist 6,>0 and 1,>0 such that for any
0<Ai<A; and xe O(X*;0,) we have

I(x) < p(x) + Ago(x) S u(x). (28)

By &'(or 8”) we denote the distance between the closed sets X', \O(X*; J,)
and X,(or X_\O(X*;4,) and X,). Then both ¢ and " are positive. In
addition, since a(x) go(x)>0 for any xe X'\O(X*; 4,), then J*, the dis-
tance between X'\ O(X*; d,) and the set of the zeros of ¢, is also positive.
Letting §, =min {4'/2, §"/2, 6*}, because for any x € O(X’, \O(X*; 6,); J,)
we have g,(x) > 0, therefore

I(x) < p(x}+ Ago(x),
and

u(x)—p(x) = inf d(p(Z), u) (29)

¢e[a. bINO(X,y; 82)

since x € O(X,; J,). On account of the infimum in (29) being a positive
constant, (28) holds for A sufficiently small. Discussing similarly
x€O(X_\O(X*;d,); 6,) we can find a positive number i, <4, such that
(28) holds for any 0 <A < 4, and xe O(X'\O(X*; 4,); 8,).

By F we denote the closed set [a, b]\[O(X*; §,) v O(X'\O(X*;4,); 5,)].
Then FNnX,=Fn X,= and

ian [p(x)—1l(x)]>0, ini; [u(x)—p(x)]>0.

So there exists a positive number 1, < 4, such that, when 0 <A< 4, (28)
holds for any x € F, and hence for any xe [a, b].
The lemma is established.

Before the end of this section, we give a new explanation for the order
of quasi-touch #(x). If T<r and ¢(r)<r, xe X", then for any ¢,, g, € K, by
Lemma 2 we see that each xe X* is a zero of order at least #(x) of ¢, —p
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and g, — p, and consequently of ¢, —q¢,. And for x € X'*, x is clearly a zero
of order at least #(x) of ¢, — g, because #(x)=0. On the other hand, if we
let g, =p+ Ago€ K, where g, satisfies the conditions of Lemma 5(i), and
g,=p, then each xe X* is a zero of order t(x) of g, — ¢, = Ag,. And for
each x & X™* subject to ¢¢(x)=0, if in making ¢, in the proof of
Lemma 5(i) we shift this zero to the right or left slightly then we can get
g, satisfying the requirement of Lemma 5(i) with ¢o(x)#0. So there exist
4., 9, € K such that x is a zero of order #(x}=0 of ¢, — q,. Now we sec that
t(x) is just the minimum of the order of the zero x of ¢, — g, for all choices
of q,, g, € K. Therefore, though #(x) was defined by the given generalized
polynomial pe K, in fact it is independent on the choice of p in K, but
depends only on the values of 1 and .

4. PROOF OF CHARACTERIZATION THEOREM

Proof of Characterization Theorem. First, based on the presumption
that (7) is false we see that o(x) has at most one value for any x€ [a, b].
Next, it is easy to prove that XY u X’ U X" is compact. In fact, X and X" are
closed sets clearly. Provided &€ X', &> x (i > o0), and x € X', , because
X, is closed and X, = X\ X*, therefore xe X* and there exists a u such
that ¢, _,(x)=rt, ,(x)= +00. So by (6) we see that xe X". Dealing with
the limit points of X’ similarly we can see that X"« X” is a compact set.

(i)= (i) If (ii) is false, then by the Linear Inequality Theorem
(see [11, Chap. 1, Sect. 5) there exists a g, € ¥ such that

o(x) gy (x)>0, VxeXuX uX" (30)

So from Lemma 5(ii) we can find a 4i,>0 such that p+ Ago€ K for any
0<d<i,.

Since the failure of (7) implies XN X*=(, for any xe X we have
t(x)=0, and by (30) it follows that

sgn go(x) =sgn[f(x)—p(x)]. (31)

Because X is closed, by the continuity of the functions we can find a 6 >0
such that both g, and f— p are sign-preserving in the é-neighbourhood of
any x€ X and

n= inf ) |go(x)| >0,

xeO(X;

inf | f(x)—p(x)|>0.

xeO(X;8)n &
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So (31) holds for any xe O(X; 0) n & and there exists a positive number
A, € A4 such that

Ailgo()l <l f(x)—p(x)l,  VxeO(X;8)nZ.
Therefore,

| f(x) = p(x) = Aqo (X) = | f(x) = p(x)| = A {go(X) < || f =PI — An

for any 0 <A< 4, and xe O(X; ) n Z. Since on the compact set 2\ O(x; d)
we have | f(x)—p(x)| < || f—p|, then for sufficiently small A it follows that
| f(x)—p(x)—Ago(x)| < | f—p]| for any xeZ\O(X;d). Hence we get
I f—(p+Ago)ll <l f—pl| on the contrary.

(ii)= (iii) Assume that there exist at most m alternating points
V15 - Ym Of p with respect to fand /, u, but m<n,. Write yo=a, y,,, , =b.
Fori=1, .., m, let

Yi={yely; 1»Yis1]:yeXUX UX", (=)D a(y)=(-1) a(y)}

yi=inf y,  y/=supy.

yeYi yeY;
It can be proved that
Vi<Viits i=1,.,m—1. (32)

It is sufficient to prove y/eY,, yi,,€Y,,,, because from this we can get

Yi#yis1, and if y/ >y, then yi, o yi Yiv 1, Vi Yivts ws Ym a1€ m+2
alternating points on the contrary. Choose a monotone increasing sequence
{n;}< ¥, such that ,->y/ (j—> ). The compactness of Xu X' L X"

" =

implies y/ e XU X' v X" If y/ € X", then there exists a positive integer J
such that for j> J it follows that

w(n,) =t(yi)

and {;}2,,  cX,uX,(orX uX,).Since X, and X, (or X_ and X,)
are both closed sets, we get

a(n;)=o(yi).

Thus y/ e Y,. Provided y/ e X", since XnX"=(J, then there exixts a J
such that {,}> ,, <X’ (or X_). Hencet , _,(y{) (ort_, ,(y/))equals
+ 00, and by (6) we have

a(y!)= (=1 (or —(=1)*).
So there exists a j so large that

(=100 a(p)) = (= 1) (1) g(p]) = (= 1) o(1).

640/71/2-7
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Thus we get y;/ e Y, again. Similarly we can prove y;, € Y,,;. (32) is
established.

For i=1,..,m—1,if (p!,yi. )nX*=¢f, then let & =3Xy/+yii1),
otherwise let &,=3(y/+min{y:ye(y/,yi,;)nX*}). By the assump-
tions it follows that t:=m—1+3 . t(x)<n. Rewrite the points in
{E3m P UX*as x, < -+ <X, and let

_{t(xi), if xeX*,

1, otherwise,

Now (a) we make a ¢ by Lemma 3 if (17) holds. (b) When (17) is false, it
might be provided that ¢, =r. Then we have t(a)=r and hence ae X*\ X"
and a<y!. So if we set up an additional single zero 3(a+ y}) then g can
be made by Lemma 3. In both cases (8) holds for each #-fold zero x € (g, b),
and we can provide in addition that

R(y)=0a(yy).

If beXUX' UX" we define additionally R(b)=(—1)"®) L(b). By the
definition of alternating points we have

R(y)=(—1y02— 00D R(y,)=a(y)).

Because for any ye[y,y/In(XuX uX”) it follows that yeY,,
therefore

R(p)=(=1)""""" R(y)=0a(y).
Since it is clear that
Ly (XX X)) =g i=1,.,m—1,
{ {(x:ix<y}n(XuX X {x: x>y, }n(XuX VX")=0,
then we have
R(x)=0(x), VxeXuX uX" (33)

When xe X U X', we have #(x) =0 and from the construction of g we see
that g(x)#0. Hence

R(x)=sgn ¢""™)(x).
Since the above equality holds clearly for x e X”, (33) implies that

a(x) " (x) >0, VxeXuX uX"
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So by the Linear Inequality Theorem we see that (ii) is false on the
contrary.

(ii) = (i) Assume that y,,..,y, ,, are alternating points. If there
exists p+qge K such that || f— (p+ )| <| f—r], then

o(x) g(x)>0, Vx € X,
and
min |g(x)| >0.
xeX

If g, is an generalized polynomial subject to the conditions in Lemma 5(i),
then ¢, = g + Aq, satisfies

a(x) qo(x) >0, VxeX (34)

for 4> 0 sufficiently small. By Lemma 2, ¢, meets (19) and each xe X* is
a zero of order at least #(x) of g,. For i=1, .., n, provided g, has just
T(y;+1)—1(y;) zeros and no singular zero on (y;, y;, ], we have

R(yir159o)=(—1) 7" R(y,, q5) (35)
(provided R(b, go) = (—1)"®) L(b, g,)). If y;€ X, then by (34) we get
R(yi, qo)=sgn qo(y:) =0(y)).
And if y,e X' U X", by (19) we get

R(yi 40) =sgn g{*M(y,) = a(y).

Discussing y,, ; similarly we conclude from (35) that

o(yiv1)=(— l)t(y”l)—r(yi) a(yi)

which contradicts the definition of the alternating points. So g, has at least
7(y;,.1)—1(y;)+ 1 zeros or one singular zero on each interval (y;, y;, ]
Then the sum of the numbers of the zeros and singular zeros is no less than

n,+ Z t(x)=n
xeX*
which contradicts Lemma 4.

The theorem is proved.
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